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Abstract
In this paper, it is shown that the maximum pagenumber of the graphs with pathwidth k
is k and that the maximum pagenumber of the graphs with strong pathwidth k is in between
3(k − 1)=2 and 3k=2.
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1. Introduction
A book embedding of a graph G=(V; E) is a linear ordering  of V and an as-
signment  of edges to pages so that if {a; b}; {c; d}∈E and (a)¡(c)¡(b)¡(d)
then ({a; b}) = ({c; d}). (i.e.  denotes the page edge e drawn upon: the condition
ensures that there are no crossing edges on a page.) The minimum number of pages of
a book in which G can be embedded is called the pagenumber of G, and denoted by
pn(G). The study of book embeddings has application to VLSI design and complexity
theory [2,5].
The pagenumbers were studied for trees [1], planar graphs [12], complete graphs
[5], complete bipartite graphs [6], graphs with bandwidth k [11], graphs with treewidth
k [7], d-ary de Bruijn digraphs [9].
Ganley and Heath showed that the maximum pagenumber of the graphs with tree-
width k is either k or k + 1, and conjectured the pagenumber is k [7]. In this paper,
we consider book embeddings for two special classes of graphs. In Section 3, we
∗ Corresponding author.
E-mail addresses: togasaki@comp.cs.gunma-u.ac.jp (M. Togasaki), koichi@comp.cs.gunma-u.ac.jp
(K. Yamazaki).
0012-365X/02/$ - see front matter c© 2002 Elsevier Science B.V. All rights reserved.
PII: S0012 -365X(02)00542 -3
362 M. Togasaki, K. Yamazaki / Discrete Mathematics 259 (2002) 361–368
demonstrate that the maximum pagenumber of the graphs with pathwidth k is k. This
result partially resolves the conjecture of Ganley and Heath, for the special case of
graphs of pathwidth k. Our main result is in Section 4. In the section we show that the
maximum pagenumber of the graphs with strong pathwidth k is in between 3(k−1)=2
and 3k=2. (The diHerence is at most 3.)
2. Preliminary
The graphs we consider are simple, undirected and connected, and contain no self-
loops and multiple edges. For a graph G, we denote its set of vertices by V (G) and
its set of edges by E(G).
We now review a number of graph parameters (see [4]). A path decomposition of
a graph G is a sequence (X1; X2; : : : ; X‘) of subsets of V (G) satisfying the following
conditions: (1)
⋃‘
i=1 Xi =V (G), (2) for each edge {v; w}∈E(G), there is an i such
that v; w∈Xi, and (3) v∈Xi ∩Xk (i¡k) implies v∈Xj for ∀i6j6k. The width of
a path decomposition (X1; : : : ; X‘) equals max16i6‘ (|Xi| − 1). The pathwidth of a
graph G, denoted by pw(G), is the minimum width over all path decompositions of
G. It is known that for any graph G with pathwidth k G has a path decomposition
satisfying the following properties: (1) for all 16i6‘; |Xi|= k + 1, and (2) for all
16i6‘− 1; |Xi ∩Xi+1|= k (see the proof of Lemma 8 in [4]). Such a decomposition
is called smooth (see [3]).
A strong path decomposition of G is a sequence (X0; X1; : : : ; X‘) of subsets of
V (G) satisfying the following conditions: (1)
⋃‘
i=0 Xi =V (G); Xi ∩Xj = ∅ (i = j), (2)
for each edge {u; v}∈E(G); u; v∈Xi for some 06i6‘ or u∈Xi and v∈Xi+1 for
some 06i6‘ − 1. The width of a strong path decomposition (X0; X1; : : : ; X‘) equals
max06i6‘ |Xi|. The strong pathwidth of a graph G, denoted by spw(G), is the mini-
mum width over all strong path decompositions of G.
A linear ordering of a nonempty Knite set S is a one-to-one function f : S→
{1; : : : ; |S|}. We denote the inverse function of f by f−1.
3. The maximum pagenumber of graphs with pathwidth k
Let (X1; X2; : : : ; X‘) be a smooth path decomposition of G with pathwidth k. We
denote the vertex v such that v∈Xi and v =∈Xi+1 (or, respectively, v =∈Xi and v∈Xi+1)
by outi→i+1 (ini→i+1). In the algorithm, we will assign each vertex v a color c(v)∈
{1; 2; : : : ; k; k + 1}.
Now we describe the assignment of the edges to pages. The following procedure
COLORING is the essence of our assignment. Our linear ordering  is such that (v)= i
where v∈X1 and c(v)= i for all 16i6k+1 and (ini→i+1)= i+k+1 for all 16i6‘−
1. Our assignment of edges to pages is such that the page Pi has exactly the edges
colored with i by COLORING for all 16i6k.
Remark 1. If (v)= k + 1 + i (16i6‘ − 1) then v =∈Xh for any 16h6i.
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Procedure. COLORING
input: a path decomposition (X1; X2; : : : ; X‘)
output: an edge coloring
1: color the vertices in X1{1; : : : ; k + 1};
2: for each u; v∈X1 (u = v) do
3: color the edge {u; v} (c(u)¡c(v)) the same color as u;
4: od
5: for i := 1 to ‘ − 1 do
6: if there exists a vertex w∈Xi ∩Xi+1 such that c(w)= k + 1
7: then re-color w the same color as the vertex outi→i+1;
8: color the vertex ini→i+1k + 1;
9: for each v∈Xi ∩Xi+1 do
10: color the edge {v; ini→i+1}∈E(G) the same color as v;
11: od
12: od
13: end.
Because the Krst for loop is easy to see, we explain only the second for loop in the
procedure: Let j be the color of the vertex outi→i+1 and w be the vertex which has
color k + 1 currently. If j = k + 1 then COLORING assigns the color k + 1 to ini→i+1
after replacing the color k + 1 of w with j. Otherwise (i.e. w is outi→i+1), COLORING
assigns the color k + 1 directly. Then COLORING colors the edges {v; ini→i+1} with the
color of v.
Example 1. Fig. 1 shows an assignment by COLORING for a graph of pathwidth 3.
Theorem 3.1. A graph of pathwidth at most k can be embedded in a book with k
pages.
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Fig. 1. An example.
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Proof. It is clear that for any edge e there is a page Pi which has e. Note that there is
no edge e with color k+1. We show that there are no crossing edges in each page. By
contradiction, assume that there are edges {a; b} and {u; v} crossing each other in some
page and that (a)¡(u)¡(b)¡(v). By assumption, c(a)= c(u), thus k + 1¡(u)
(otherwise c(a) = c(u) by line 1 in COLORING). Hence, there is the index i such that
u= ini−1→i.
For the index i, we have that a; u∈Xi+1. The reason is as follows: We only prove
that a∈Xi+1 because it can be shown that u∈Xi+1 similarly. Assume that a =∈Xi+1.
From condition (2) in deKnition of path decomposition, a =∈Xi+1 implies a =∈Xh for
any i + 16h6‘. (Note that there is some index g (16g6i − 1) for which a∈Xg.)
Since (u)= k + 1 + (i − 1) and (u)¡(b), we have that k + 1 + i6(b). Thus, by
Remark 1, we have b =∈Xh for any 16h6i. Thus, there is no Xh such that a; b∈Xh,
which contradicts condition (3) in deKnition of path decomposition.
In the (i − 1)th iteration of the second for loop, COLORING assigns the color
k + 1 to u(= ini−1→i). Hence, at the beginning of ith iteration the color of u is
k + 1. Since u∈Xi+1, COLORING assigns the color c(outi→i+1) to u. On the other
hand, c(outi→i+1) is diHerent from c(a) since a∈Xi+1. Thus, we have that c(u) = c(a).
This is a contradiction.
The following result shows that the bound of Theorem 3.1 is sharp.
Theorem 3.2. There exists a graph G such that pw(G)6k and pn(G)¿k.
Proof. For the graph Kmk; k , it is known that pn(Kmk; k)¿(m=m+1)k and pw(Kmk; k)= k
(see [7,10]). The theorem follows by taking m large enough.
4. The maximum pagenumber of graphs with strong pathwidth k
In this section, we show that a graph of strong pathwidth at most k can be embed-
ded in a book with 3k=2 pages. We assume throughout the section that the strong
pathwidth k is even.
Consider a graph H of strong pathwidth k. H is a subgraph of a graph G of
strong pathwidth k, such that G has a strong path decomposition (X0; X1; : : : ; X‘)
with |Xi|= k for all 06i6‘; |E(G)|=(k(k − 1)=2)(‘ + 1) + k2‘. We show that
pn(G)6k, and hence pn(H)6k. In order to simplify the description of the linear
ordering, we divide Xi = {vi;1; : : : ; vi; k} into two blocks left(Xi)= {vi; k=2+1; : : : ; vi; k} and
right(Xi)= {vi;1; : : : ; vi; k=2}. Our linear ordering  is, Krst the vertices of right(X0) come,
then come the vertices of right(X1); right(X2); : : : ; right(X‘); left(X‘); : : : ; left(X1);
left(X0) in that order. We deKne linear orderings i (06i6‘ − 1) of Xi ∪Xi+1 as
(u)¡(v) iH i(u)¡i(v) for any u; v∈Xi ∪Xi+1 (see Fig. 2).
To explain our assignment of edges to pages, we introduce notation Z(!; i) which
is used for representing a set of edges (or a path). Given a nonempty Knite set T and
a linear ordering ! of T; Z(!; i) is deKned as follows. For convenience, assume |T | is
even and identify !−1(0) with !−1(|T |). Then Z(!; i) is the sequence of elements in
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Fig. 2. Linear orderings  and i for k =4; ‘=2 and Z(; 2) for V (G).
T; (!−1(imod |T |); !−1(i+1mod |T |); !−1(i−1mod |T |); !−1(i+2mod |T |); !−1(i−
2mod |T |); !−1(i + 3mod |T |); : : : ; !−1(i − |T |=2 + 1mod |T |); !−1(i + |T |=2mod |T |))
(see Fig. 2).
By PG(i), we denote the page which has the edges on the path Z(; i). By PE(i)
(PO(i)), we denote the page which has the edges on the path Z(j; i) for 06j6‘−1; j
is even (odd, respectively). We will refer to the paths Z(; i); Z(j; i) as zigzag lines.
Now we are ready to describe our embedding. Our embedding has the following 3k=2
pages: PG(i) for |V (G)| − k=4 + 16i6|V (G)| and 16i6k=4. (Note that |V (G)|
is identiKed with 0.) PE(i) and PO(i) for k=4+ 16i6k − k=4.
Example 2. Fig. 3 shows the pages for k = 8; ‘ = 3.
Theorem 4.1. Let G be a graph of strong pathwidth at most k. Then the pagenumber
of G is at most 3k=2.
Proof. Let G be a graph such that spw(G)= k and |E(G)|=(k(k−1)=2)(‘+1)+ k2‘
where ‘ is the depth. To prove the theorem it is suLcient to show that for an even
number k pn(G) is at most 3k=2. We show the following three claims:
Claim 1. Each page does not have an edge {x; y} such that x∈Xi; y∈Xj for some
|i − j|¿2.
Proof. Clearly the pages PE(j) and PO(j)(k=4+16j6k −k=4) do not have such
an edge, thus we consider only the edges in PG(i) (|V (G)| − k=4 + 16i6|V (G)|
and 16i6k=4). Note that for {u; v}∈PG(i) (u)+ (v) is either 2i or 2i+1 for all
06i6|V (G)| − 1. Thus, for {x; y}∈PG(i); ((x) + (y))mod |V (G)| is in between
|V (G)| − k=2+ 1 and |V (G)| − 1 for |V (G)| − k=4+16i6|V (G)| − 1, and between
0 and k=2 + 1 for 06i6k=4. However, for any edge {x; y} such that x∈Xi; y∈Xj
for some |i− j|¿2; ((x)+(y))mod |V (G)| is in between k=2+2 and |V (G)|− k=2.
Therefore, the claim follows.
Claim 2. The pages are mutually disjoint (with respect to edges).
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Fig. 3. An example.
Proof. Clearly a page PE(i) and a page PO(j) are disjoint (k=4+16i; j6k−k=4).
It is easy to see that for an edge {u; v} in a zigzag line the start point of the zigzag
line can be determined from (u) and (v) uniquely, because all zigzag line have the
same direction (see Fig. 4).
This means that a page PG(i) (|V (G)|−k=4+16i6|V (G)| and 16i6k=4) and
a page PE(j) (and PO(j)) (k=4 + 16j6k − k=4) cannot have a common edge,
because the ranges [|V (G)| − k=4 + 1; : : : ; k=4] and [k=4 + 1; : : : ; k − k=4] are
disjoint.
Claim 3. The total number of edges in our pages is exactly (k=2)(3k‘ + k −
‘ − 1)= |E(G)|.
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Fig. 4. Uniqueness of the start point for edge {0; 5}.
Proof. Since |⋃i PG(i)|=(k=2)(k(‘ + 1) − 1) and |⋃j PE(j)| + |⋃j PO(j)|=(k=2)
(2k − 1)‘, the amount equals (k=2)(3k‘ + k − ‘ − 1)= |E(G)|.
From Claims 1–3, we conclude that the graph G can be embedding into the 3k=2
pages.
Theorem 4.2. There exists a graph G such that spw(G)6k and pn(G)¿3(k−1)=2.
Proof. Consider the graph G with spw(G)6k; |V (G)|= k(‘ + 1), and |E(G)|=
(k(k − 1)=2)(‘ + 1) + k2‘. It is known that |E(G)|6|V (G)| + (|V (G)| − 3)pn(G)
(see [11]). Thus, for a large ‘ we have
k(k − 1)
2
(‘ + 1) + k2‘6 k(‘ + 1) + (k(‘ + 1)− 3)pn(G);
⌈
3(k − 1)
2
⌉
6 pn(G):
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